The formalism of quantum estimation theory, focusing on the quantum and classical Fisher information, is applied to the estimation of the coupling strength in an optomechanical system. In order to estimate the optomechanical coupling, we have considered a cavity optomechanical model with non-Markovian Brownian motion of the mirror and employed input-output formalism to obtain the cavity output field. Our estimation scenario is based on balanced homodyne photodetection of the cavity output field. We have explored the difference between the associated measurement-dependent classical Fisher information and the quantum Fisher information, thus addressing the question of whether it is possible to reach the lower bound of the mean squared error of an unbiased estimator by means of balanced homodyne detection. We have found that the phase of the local oscillator in the homodyne detection is crucial; certain quadrature measurements allow very accurate estimation.
I. INTRODUCTION
Inverse problems play an important role in science because they are able to inform us about relevant parameter values of a dynamical system that we cannot directly observe [1] . The objective of an inverse problem is to estimate these unknown parameters by extracting information from measurement data and assessing the uncertainty in these data, making use of all information known prior to the measurement process and a mathematical model of the dynamical system. In this approach, the parameters to be estimated are treated as random variables and they must be assigned a joint prior probability distribution function; this is the Bayesian formulation of the estimation problem. The qualities of estimators acting on the space of measurement data are evaluated through cost functions or conversely by maximizing or minimizing a cost function over the set of all possible estimators leads to an optimal estimator. In this case calculus of variations is applied, which is not always an easy mathematical task, especially when the estimation problem is formulated in quantum mechanics [2] [3] [4] . Applications to quantum mechanical systems do not always result in an experimentally implementable optimal estimator [5] [6] [7] [8] [9] .
Optimal estimators in general are likely to be complicated, as it observed in our previous investigation on the estimation of the nonlinear optomechanical coupling strength [7] . Furthermore, solving the variational problem for the average cost function imposes limits on the use of models with many type of decoherence sources. In order to work with more effective models of cavity optomechanical systems [10] and to consider experimentally relevant estimation strategies, one has to turn the investigation on the lower bounds of some convenient measure of the estimation accuracy. The mean squared error-the average squared difference between estimated values and true values of the unknown parameters-is usually employed as a measure of accuracy. In the case * Electronic address: claudio.sanavio@um.edu.mt of classical systems, there are some complicated lower bounds of the mean squared error [11, 12] ; however, the Cramér-Rao inequality [13, 14] , which defines an inferior but a simpler lower bound, can be extended to quantum systems [15] . Here, the lower bound is inversely proportional to the quantum Fisher information (QFI) irrespective of whether the estimator is biased or unbiased; see Ref. [9] . The chosen estimation strategy, expressed as a positive-operator valued measure (POVM), provides probability distributions of the parameter to be estimated conditioned on true value of this parameter. These conditional probabilities determine the classical Fisher information (CFI), which is inversely proportional to the lower bound of the mean squared error in the classical post-processing of measurement data. As the CFI is always smaller than or equal to the QFI, which defines the smallest value of the lower bound, it is worth to investigate the circumstances where the CFI is as close as possible to the QFI [16] .
In this paper, we follow the above described methodology, which allows us to consider a detailed model of a cavity optomechanical system. We consider a single mode of the radiation field inside a cavity and also a single motional mode of the mechanical resonator. The two modes interact via a radiation-pressure interaction Hamiltonian [17] . The mechanical oscillator is subject to quantum Brownian motion [18, 19] , while the mode of the cavity field is coupled to the electromagnetic field outside of the cavity [20] . Finally, balanced homodyne photodetection with non-ideal detectors [21] is carried out on the output field; this defines automatically the set of POVMs, i.e., the estimation strategy, that we explore. We investigate the QFI of the output field state depending on the unknown value of the nonlinear optomechanical coupling and compare with CFI obtained from the data provided by the balanced homodyne photodetection. We identify those cases where CFI is as large as possible, where the lower bound of the estimation accuracy is therefore smallest.
This paper is organized as follows. In Sec. II, we discuss the cavity optomechanical model and determine the stationary state of the output field. In Sec. III, the QFI of the output field state is determined. A brief overview of balanced homodyne photodetection and related POVM is presented and conditional probabilities of these measurements are given, which allows us to calculate the CFI. A numerical investigation and the maximization of CFI with respect to QFI is addressed in Sec. IV. Finally, in Sec. V we draw conclusions and make some remarks on our work. Detailed derivations supporting the main text are collected in two appendices.
II. MODEL
The optomechanical system we have in mind is formed by a Fabry-Pérot cavity with a moving-end mirror and we focus on a case where only a single mode of the radiation field and a vibrational mode of the mechanical oscillator, i.e., moving mirror, are considered. The model can be used to describe several alternative systems [10] . The free Hamiltonian of the system readŝ
whereq andp are position and momentum operators for the mechanical oscillator of effective mass m and which oscillates at frequency ω m . The annihilation and creation operators of the single mode radiation field with frequency ω c are denoted byâ andâ † . The two subsystems are coupled by the optomechanical interaction [17] , which is the radiation pressure on the oscillating mirror, which is well described by a non-linear Hamiltonian term [10] Ĥ
with coupling strength g. The use of the term "nonlinear" here refers to the equation of motion of the system operators, at least one of which is non-linear, and is related to the Hamiltonian being of third order in these operators.
In order to describe this optomechanical system effectively, one has to consider decoherence and excitation losses, i.e., the concept of open quantum systems has to be applied. The single mode field is affected by a decay with rate κ = κ loss + κ in , where κ loss is the loss rate associated with the input-output fields and κ in is related to what are commonly called internal losses [22] . The latter quantity could, for example, originate from the fact that the cavity mirrors act to scatter photons from the cavity mode of interest to other modes or to the outside environment. The mechanical oscillator is in contact with a phonon bath at temperature T and experiences a friction rate γ. The dynamics is given in the Heisenberg picture with the use of the quantum Langevin equationṡ
whereâ in is the input noise operator associated with the modes of the radiation field outside the cavity.â loss is the operator describing the internal losses andξ represents the quantum Brownian noise operator. Making use of the spectral density J(ω) of the phonon modes in the bath and the weak coupling of the mechanical oscillator to the bath [23] one can define the following functions [24] 
Now, we are able to calculate the two-time correlation function ofξ(t):
The mean ofξ(t) is zero and its non-Markovian nature allows us to preserve the correct commutation relations betweenp andq during the time evolution [24] . An extensively studied case is the Ohmic spectral density with a Lorentz-Drude cutoff function
where Ω is the high-frequency cutoff. An Ohmic spectral density with exponential cutoff [25] ,
leads to very similar behavior to one with Lorentz-Drude cutoff function, albeit with the advantage that the integrations in Eqs. (7) , (8) have analytical solutions in closed form:
with Ψ (1) (z) being the polygamma function [26] . The cavity operates at optical frequencies, i.e., ω c /k B T 1 holds to a very good aproximation at reasonable temperatures, and therefore the operatorsâ in (t) andâ † in (t ) commute for t = t . Their correlation functions in the vacuum state |0 read
loss have similar commutation relations and furthermore they commute at all times witĥ a in (t) andâ † in (t ). Usually the single mode of the cavity is driven by a laser with frequency ω L and intensity . This process can be modified through the addition of the following term to the Hamiltonian:
whose phases ±ω L t can be easily absorbed after going into a rotating frame with a resulting detuning for the optical frequency ∆ 0 = ω c − ω L . In terms of the power P of the laser, the driving intensity is = 2κ 1 P/ ω L . It is worth noting that the driving of the field is a necessary condition to obtain an effectively linear optomechanical interaction [10] . The application of a high-intensity laser field causes the single mode field to reach a steady state with finite amplitude α (|α| 1) and allows us to consider only the quantum fluctuations around this stationary state. This affects also the mechanical oscillator by shifting the minimum of the harmonic potential. The dynamics of the fluctuations around the steady state is well described by linearizing the quantum Langevin equations (3)- (6) . This can mathematically be described by the application of two displacement operatorŝ
on the quantum Langevin equations (3)-(6). The above equations also define relations between (β 0 , β * 0 ) and (q 0 , p 0 ). A transformation back to the operatorsp andq with the quantities introduced above satisfying the nonlinear equation
yields a driving free Hamiltonian
where
Eq. (14), together with the above equations, yields a third degree equation for |α|. Depending on the value of the power P we may encounter a bistability of the system that will give two different solutions for the shift in the rest position of the mirror (17) . One should note that the steady-state amplitude depends on the value of g, making α a function of g, i.e. α = α(g). The same is valid for the detuning ∆ = ∆(g). Therefore for a fixed value of P , the bistability depends explicitly also on g, which is yet unknown. A good strategy here is to define an interval, depending on our prior knowledge, for the possible values of g and adjust the power of laser P such that the bistability is completely avoided. For detailed calculations and regions of stability and bistability see Appendix A.
The shifted operators (also denoted fluctuation operators) δâ =â − α and δq =q − q 0 are subject to the same loss process as the original ones. Note that the momentum operator δp =p is not changed because β 0 is real, which implies that p 0 = 0. It is more convenient to define the two quadratures of the single mode field δX = (δâ † + δâ)/ √ 2 and δŶ = i(δâ † − δâ)/ √ 2. We define analogously the quadraturesX in ,Ŷ in ,X loss andŶ loss . Under the assumption that |α| is large, we can truncate the equations of motion to first order in the fluctuation operators. Finally, the differential equations of the shifted operators can be written in the concise forṁ
where we have defined the vector of operators u(t) =
the superscript T denotes the transposition. Furthermore, we have
where we have introduced the explicit dependence of α(g) and ∆(g) on g. The solution to (18) reads
The autocorrelation matrix is given by
Making use of the relation
Let us consider the symmetric autocorrelation matrix
Taking t = s we obtain
where σ(t) ≡ σ(t, t), and with
This can be further simplified via
Finally, we can write
The stability of the system, lim t→∞ exp(At) = 0, can be derived by applying the Routh-Hurwitz criterion [27] . This has been thoroughly investigated in the last decade and the two nontrivial conditions on the parameters of A show that if the system is stable, then the bistability of the dynamics is avoided [28] . From now on we consider these conditions to be satisfied. Therefore, u(t) for t → ∞ approaches zero, which implies that the autocorrelation matrix σ(t) coincides with the matrix in the stationary solution. The stationary correlation matrix is defined as σ = lim t→∞ σ(t, t) and is the solution to the following Lyapunov equation
We need to keep in mind that any experimental apparatus does not have direct access to the cavity field, but only to the output field, which escapes the cavity. We can calculate the fluctuations of this field around its stationary state with the use of the input-output relationŝ
In practice, one selects different modes by opening a filter in a certain interval of time or in different frequency intervals. Hence we can define N independent output modes following the approach of Ref. [28] :
where g k (s) is the filter function defining the k th mode.
Here we will make use of the filter function
with Ω j − Ω l = 2π τ n, n ∈ N. The k th mode is centered at the frequency Ω k and has a bandwidth 1/τ . Making use of the input-output relations (22) we obtain the correlation matrix σ k,out of the output field quadraturesX k,out andŶ k,out related to a filter centered at frequency Ω k as (see Appendix B)
are the entries of matrix σ, which are obtained in Eq. (21), and sinc(x) is the unnormalized sinc function sinc(x) = sin(x)/x. The shifted operators are fully characterized in the stationary state by the correlation matrix, since all noises involved obey this property and the equations of motion are linear. One can thus deduce that their properties can also be described by a zero-mean Gaussian state. Similarly, the output field fluctuations are given by the Gaussian Wigner function
where ξ = (X k,out , Y k,out ) T and σ k,out is the correlation matrix. The above Wigner function depends on the optomechanical coupling strength g through σ k,out , and is a function of the correlation matrix of the cavity optomechanical system. In our subsequent discussion we analyze Eq. (28) in the context of a quantum estimation strategy based on the quantum Fisher information. Our task will be to seek optimal balanced homodyne photodetection measurement strategies.
III. QUANTUM AND CLASSICAL FISHER INFORMATION
In this section we derive the quantum Fisher information (QFI) H g of the optomechanical coupling strength for a general Gaussian state, employing the phase-space description provided by the Wigner quasi-probability distribution 28. The QFI defines a lower bound for the mean squared error (MSE) of an estimation setup, which is ensured by the quantum Cramér-Rao theorem [15] 
where |x (g)| is the derivative of the average estimator. When the estimator is unbiased, then |x (g)| = 1. The QFI is given as
whereL g is the symmetric logarithmic derivative (SLD) defined by the equation
We are going to use this general formalism to the Gaussian state obtained in Eq. (28) . A Gaussian state is completely determined by its first and second moments; however, here we have that the first moment is zero following the argument in Sec. II. Since the density operator ρ of a Gaussian state can be expressed in an exponential form [29] we can write the operatorL g as a function of the covariance matrix σ k,out . We neglect all subscripts in the subsequent discussion, because from now on we focus on the one mode of the electromagnetic field that is detected.
In order to find SLD we use the Weyl transform on the operator, obtaining
where the explicit forms of Φ and ν are
It is worth noticing that the quadratic nature of L(x, p) is ensured by the Gaussian form of W (x, p). We use the SLD to calculate the QFI H g related to the parameter g following Eq. (30) . However the calculation of the Weyl transform ofL 2 g is not straightforward. In order to calculate it we need first to Weyl transform the function L(x, p) back to the operatorL g yieldinĝ
Now, one is able to calculateL 2 g and after performing the symmetric ordering and the Weyl transform on it we find L (2) (x, p) as
The QFI obtained as the mean value ofL 2 on the statê ρ can be calculated by the phase-space formalism
We will make use of Eq. (37) to determine the QFI of the output field. Combining together (37) and (33) we obtain the QFI for a two dimensional Gaussian state with zero mean
The quantum Cramér-Rao bound (29) for an unbiased estimator is saturated only if we implement the best strategy (POVM) that minimizes the MSE of the parameter estimation. This strategy is usually very difficult to find and may be impossible to implement [7] . However we can find for each practical measurement strategy the maximum amount of Fisher information it can provide. Measurements on quantum systems provide a probability density function which depends on the parameter to be estimated. The amount of information on the unknown parameter carried by this probability density function can be measured by the so-called classical Fisher information (CFI)
where P (x|g) is the conditional probability of obtaining the output of the measure x when the true value of the parameter is g. In quantum mechanics the conditional probability is given by the relation
Here, we consider that the measurements are performed by balanced homodyne photodetection (BHD) [21] . This makes use of two photodetectors, each with quantum efficiency η. In BHD the data recorded is proportional to the difference of the measured photon numbers n 1,2 of the two photodetectors, yielding
whereρ LO is the state of the local oscillator, considered to be a coherent stateρ LO = |α LO α LO |. The symmetric order denoted by : : helps us to find the Weyl transform of the element Π η k (x, p) of the BHD POVM,
obtained in the limit of |α LO | 1. The parameter θ is the angle of the coherent state |α LO , i.e., θ = arg(α LO ) and defines the quadrature that is measured. The conditional probability is
Using the condition (28) where we have defined R θ = (cos θ, sin θ) T . Now, we can calculate the CFI with the help of Eq. (39), yielding
Eq. (42) is a novel and compact form for the classical Fisher information of the BHD. Notice that in the case of perfect detectors (η → 1) Eq. (40) reduces to a Dirac delta Π 1 k (x, p) → δ(k − R T ξ). In this case the CFI assumes the form
(43)
IV. RESULTS
In the previous sections we calculated the covariance matrix (25) of the output field escaping the cavity and detected by a detector characterized by the filter function (24) . In section III we calculated the general form of the quantum Fisher information (QFI) for a Gaussian state with zero mean and the classical Fisher information (CFI) for balanced homodyne photodetection. In this section we numerically calculate and compare QFI and CFI for an experimentally feasible situation. We suppose the cavity to possess equal internal and external decay rates κ in = κ loss . Furthermore, we suppose our detector to stay on for a temporal window of length τ = 1/κ in . For our numerical analysis we take the experimental values from [31] . We set Ω k = 0, remembering that since we are in the rotating frame this means that our detector filter function peaks at the laser frequency ω L . This choice is supported by the analysis of the QFI as a function of Ω k , which has a peak for Ω k = 0, as shown in Fig. 1 .
The outcome of the balanced homodyne detection (BHD) depends on the quantum efficiency of the detectors η and on the quadrature phase θ we choose to measure. Figures 2 and 3 show the CFI as a function of these parameters. We notice that in the case of ideal detectors, i.e., η = 1, the optimal choice for the phase θ = θ max leads the CFI to saturate the upper limit given by the QFI. This is a remarkable result that allows us to consider BHD as the optimal measurement that gives us the best estimate of g. In order to avoid bistability of the mechanical oscillator in our numerical simulations we used a detuning ∆ 0 = −2κ [30] . The value of θ max depends on the particular choice of the detuning ∆ 0 as well as on the detected frequency Ω k . Figure 3 shows that also the detector's efficiency η is a very important parameter that affects the quality of the measurement. It is no surprise that ideal photodetection is an optimal measurement scenario.
In the following we show the CFI, calculated numerically as we vary selected parameters that appear in the dynamical matrix A of Eq. (19) . The ranges of the plots are given by the stability conditions imposed on the system. Figures 4 and 5 show the CFI as a function of the optical and mechanical decay rate respectively. These curves illustrate that increasing the decay rates lowers the accuracy of the estimation of the optomechanical coupling strength g. The opposite behavior is obtained increasing the power of the driving laser P . In this case a higher P leads to a higher value for the stationary field amplitude |α|, which leads to more significant contribution to the dynamics from the optomechanical interaction as it appears in the interaction Hamiltonian 2. Figure 7 shows QFI varying the temperature of the mechanical bath. For high temperature the state tends to the maximally mixed state, regardless the value of g, and the QFI decreases. For this reason making measurements at low temperatures increases the estimation accuracy. Figure 8 gives the CFI for different true values of the optomechanical coupling strength. The CFI has its minimum for g = 0, meaning that the accuracy is lower when the system experiences weaker optomechanical interactions. Conversely, the CFI increases monotonically with the true value of g and it reaches its maximum when the system is on the threshold of the instability.
V. CONCLUSIONS
In this paper we have investigated the estimation of the optomechanical coupling strength from the perspective of classical and quantum Fisher information. We have considered a cavity quantum electrodynamical setup with a single mode of the elctromagnetic field coupled to a single motional mode of a mechanical oscillator. Our model considers the quantum Brownian motion of the mirror and photon losses of the cavity field. We make use of the input-output formalism, motivated by the fact that experimental detection can be performed only on the output field of the cavity. The cavity is driven by a laser, which allows us to derive a set of linear quantum Langevin equations. Under these circumstances we have been able to obtain the output field as a Gaussian state with zero mean as a stationary solution to the evolution of the whole system. This Gaussian state as a function of the unknown optomechanical coupling strength determines the quantum Fisher information. To compare with experimentally relevant scenarios, we have considered a balanced homodyne photodetection strategy as a realistic implementa-tion for the estimation procedure. We have derived compact formulas for the quantum as well as the classical Fisher information.
Finally, we have used the developed tools to investigate situations where the classical Fisher information is capable to saturate its upper limit, given by the quantum Fisher information. In order to make our findings more relevant, we have taken the experimental values of the system parameters from a recent study [31] . Our results show that the phase of the local oscillator in the balanced homodyne photodetection plays a crucial role, because there are certain quadratures for which the classical Fisher information can reach the value of the quantum Fisher information. Under such conditions the accuracy of the estimation, characterized by the mean squared error, for certain quadrature measurements has the smallest lower bound. Moreover, our investigation allows us to pinpoint the roles of the loss mechanism including less than ideal efficiency of the photodetectors. We have shown that the classical Fisher information is affected most strongly by non-ideal detection efficiency.
In conclusion, our analysis suggests that balanced homodyne photodetection plays fundamentally an important role in the estimation of the optomechanical coupling strength. However, it must be mentioned that our work is valid only for unbiased estimators. Furthermore finding the smallest lower bound for the mean squared error might reinforce our prior expectation of the value of the optomechanical coupling strength, as discussed in our earlier work [9] . Our work bridges cavity optomechanics and inference techniques with the help of experimentally plausible models and parameter values and could serve as guide for the optimal experimental characterization of optomechanical systems.
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the characteristic time of the steady state. This latter assumption has been tested with numerical simulations considering an integration time of the order of τ = 1 κ . In this scenario we get σ k,out = κ τ τ 0 τ 0 dt ds G k (t )σG k (s ) T
After performing the integrals in Eq. (B2) we obtain the expressions 25 to 27 of the main text.
